Under the right conditions it is possible for the ordered blocks of a path design PATH (v, k, ) to be considered as unordered blocks and thereby create a BIBD (v, k, ). We call this a tight embedding. We show here that, for any triple system TS(v, 3), there is always such an embedding and that the problem is equivalent to the existence of a (−1)-BRD(v, 3, 3) , i.e., a c-Bhaskar Rao Design. That is, we also prove the incidence matrix of any triple system TS(v, 3) can always be signed to create a (−1)- BRD(v, 3, 3) and, moreover, the signing determines a natural partition of the blocks of the triple system making it a nested design.
Introduction
A balanced incomplete block design, BIBD(v, k, ), consists of a set V of points of size v and a collection of ksubsets of V called blocks. Each point appears in the same number rof blocks and each pair of points appear together in blocks. If b is the number of blocks, then it is well known that vr = bk and (v − 1) = r(k − 1).
A BIBD may be regarded as a decomposition of the multi-complete graph K v , into subgraphs (corresponding to the blocks of the design) which are isomorphic to K k . When k = 3, these designs are called triple systems (TS) and we use the notation TS(v, ), see for example [2] . A path design, denoted by PATH (v, k, ) , is a decomposition of K v into ordered paths of length k, and the path a 1 , a 2 , . . . , a k consists of the unordered edges {a i , a i+1 } for i = 1, . . . , k − 1. Each path is identified with the path consisting of the same vertices in the reverse order, see for example [4, 5] . For k = 3, each block a, b, c of a path design will correspond to two unordered pairs or edges {a, b} and {b, c}. In the notation, then, the role of point b is different in that it appears in two pairs, but points a and c appear in only one pair. Each pair of points must appear (consecutively) in exactly blocks. A path design is balanced if every point appears in the same number of blocks. Balanced path designs are called handcuffed designs since only adjacent points are viewed as pairs (as if they were handcuffed like prisoners linked by a chain) as described in [6] .
We may decompose the multi-complete graph 2K 3 to form PATH(3, 3, 2) whose blocks are a, c, b , a, b, c , and b, a, c . Put another way, we may form PATH (3, 3, 2) by discarding one copy of K 3 from the multi-complete graph 3K 3 3) , there is an ordering on the blocks so that there exists a PATH(v, 3, 2) which can be tightly embedded into it.
A c-Bhaskar Rao Design, a c-BRD (v, k, ) , can be regarded as a {0, 1, −1}-matrix with v rows and b columns such that, (1) every pair of rows has standard inner product equal to c; and (2) if the minus ones in the underlying matrix are changed to plus one, the matrix becomes the incidence matrix for a BIBD(v, k, ). With c = 0, these have been called just BRDs; see [3, 7, 8] . In Section 2 we prove a new result about BRDs, namely, that the incidence matrix of TS(v, 3) can be signed so as to create a (−1)- BRD(v, 3, 3) . The main idea is the connection to the tight embedding problem, and the proofs are made transparent by an application of a theorem of Agrawal [1] .
Tight embeddings for index three TSs
With respect to path designs, let us define two numbers r 1 and r 2 , where r 1 is the number of times a point is an end-point of a path (block) and r 2 is the number of times a point is an interior point of a path. Equivalently, r i (for i = 1, 2) is the number of blocks in which a point is paired i times. It follows that for any point r = r 1 + r 2 . When the design is balanced, r 1 and r 2 are constants for the design and we have from [6] 
From this we can obtain r 1 = 2r/k and r 2 = r − 2r/k.
We will need the following theorem. 
Hence, for k = 3, = 2 /3 and ≡ 0 (mod 3) is a necessary condition.
We give an example of this natural correspondence in Table 1 . This design was obtained by developing the base blocks 1, 2, 3 and 1, 3, 5 modulo 5.
We will apply a structure theorem of Agrawal [1] to give a quite useful coloring result for TSs. This means that the points of a BIBD can be arranged in a k-by-b array so that each point appears in each row either m or m + 1 times. We apply the theorem to the edges, however, not to the points.
Theorem 2 (Agrawal [1]). In every binary equireplicate design of constant block size k such that bk = vr and b = mv, the points can be arranged into a rectangular array with columns as blocks so that every point occurs in a row for m
Let X = TS(v, ) be any triple system, and consider X to be a multi-complete graph K v with a decomposition into complete graphs K 3 . By a coloring of X, we mean a coloring of the edges of K v . Naturally when m = 1, there are only three colors and each row of Y has a different color. This is the exact situation in the next theorem.
Theorem 4. For every TS(v, 3) there is a balanced PATH(v, 3, 2) which can be tightly embedded into it.
Proof. When = 3, we can use the coloring from Theorem 3 to order the blocks. Suppose X = TS(v, 3) is any triple system with index three. Then, by Theorem 3, we may color the edges in the blocks red, blue, and green so that each color represents one monochromatic copy of K v . In each block, let us order the points in blocks of X so that the green edge is always {a, c} in block {a, b, c}. This means that the block {a, b, c} of X corresponds to a path block a, b, c and the set of all such path blocks gives a balanced PATH(v, 3, 2) which tightly embeds into X.
We observe the converse is false, that is there exist balanced PATH(v, 3, 2) which do not tightly embed into any TS. For instance, a balanced path design which does not embed in a TS can be developed from the base blocks 1, 2, 4 and 1, 3, 4 modulo 5. Also, these results are not true for unbalanced path designs since tight embeddings occur only for a fixed replication number r. For an example, in Table 1 replace Proof. Let X denote any TS(v, 3). Let us order the points in each block of X so that there is a path design Y which tightly embeds into X. If block a, b, c of Y corresponds to block {a, b, c} of X under the tight embedding, then, in the column corresponding to this block of the incidence matrix M for X, give point b the minus sign. This creates a signing for M which results in the desired (−1)-BRD(v, 3, 3) . As a check, note that points a and c will occur together in two other columns and in these, either a or c will be the center point (and get the minus sign). It follows that the inner product for points a and c will be −1.
The foregoing proof demonstrates that there is a natural partition of each block {a, b, c} of any triple system TS(v, 3). First convert {a, b, c} into an appropriate ordered block, say a, b, c , and then into {a, c} and {b}. The set of 2-element blocks forms a BIBD(v, 2, 1) and the set of singletons forms a 1-design (equireplicate design). This shows that Theorem 7. Every TS(v, 3) is a nested design.
